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Sunspots on the surface of the Sun are the observational signatures of intense manifestations of tightly packed magnetic field lines, with near-vertical field strengths exceeding 6,000 G in extreme cases 1 . It is well accepted that both the plasma density and the magnitude of the magnetic field strength decrease rapidly away from the solar surface, making high-cadence coronal measurements through traditional Zeeman and Hanle effects difficult since the observational signatures are fraught with low-amplitude signals that can become swamped with instrumental noise 2,3 . Magneto-hydrodynamic (MHD) techniques have previously been applied to coronal structures, with single and spatially isolated magnetic field strengths estimated as 9-55 G 4-7 . A drawback with previous MHD approaches is that they rely on particular wave modes alongside the detectability of harmonic overtones. Here we show, for the first time, how omnipresent magneto-acoustic waves, originating from within the underlying sunspot and propagating radially outwards, allow the spatial variation of the local coronal magnetic field to be mapped with high precision. We find coronal magnetic field strengths of 32 ± 5 G above the sunspot, which decrease rapidly to values of approximately 1 G over a lateral distance of 7000 km, consistent with previous isolated and unresolved estimations. Our results demonstrate a new, powerful technique that harnesses the omnipresent nature of sunspot oscillations to provide magnetic field mapping capabilities close to a magnetic source in the solar corona.
Solar active regions are one of the most magnetically dynamic locations in the Sun's tenuous atmosphere. The intrinsically embedded magnetic fields support a wide variety of coronal compressive MHD wave phenomena, with EUV observations dating back to the late 1990s revealing a wealth of magneto-acoustic oscillations travelling upwards from the solar surface along magnetic fields to distances far exceeding many tens of thousands of km [8] [9] [10] [11] . The weak dissipation mechanisms experienced in the solar corona, in the forms of thermal conduction, compressive viscosity and optically thin radiation 12 , allow features to be probed through seismology techniques in an attempt to uncover atmospheric changes and sub-resolution structuring that would otherwise be difficult, if not impossible to determine 13 . MHD seismology of sunspots is a powerful tool that has risen in popularity in recent years, with insights into atmospheric structuring, expansion and emission gained through the comparison of wave periods, velocities and dissipation rates 14, 15 . Importantly, evidence continues to be brought forward that suggests compressive MHD wave phenomena originating in sunspots is not simply a rare occurrence, but instead an omnipresent feature closely tied to all atmospheric layers 16 . Using previously deployed MHD seismology techniques to infer the strength of the coronal magnetic field is a difficult task, often limited by substantial errors (up to 80% in some cases 4 ). Critical problems are its inability to deduce the magnetic field strength as a function of spatial position, and by the relative rareness of oscillatory phenomena in the solar corona demonstrating measurable harmonic overtones 7 . Other methods, including deep exposures of coronal magnetic Stokes profiles 17 and the examination of brightness-temperature spectra from gyro-resonance emission 18 , also bring about their own distinct impediments, including crosstalk between Stokes signals, poor temporal resolutions often exceeding 1 hour and ambiguous cyclotron frequency reference points 19 . Therefore, while diverse, yet encouraging attempts have been made to constrain the magnitude of the coronal magnetic field in previous years, each process is hindered by its inability to accurately and simultaneously deduce spatially resolved, unambiguous and highcadence field strengths. In this Letter we document and apply a novel MHD-based technique that combines high-resolution observations from modern space-based observatories, vector magnetic field extrapolations and differential emission measure techniques to accurately measure the spatial dependence of the coronal magnetic field strength with potential temporal resolutions orders-ofmagnitude better than current imaging approaches. (Figure 1 ) show a number of elongated structures extending away from the underlying sunspot, which are particularly apparent in AIA 171Å data that is known to correspond to lower coronal plasma with temperatures ~700,000 K. Differential emission measure (DEM) techniques 22 are employed on the six EUV AIA channels, producing emission measure (EM) and temperature (T e ) estimates for the sunspot and its locality. The resulting T e map reveals that the elongated structures, seen to extend away from the underlying sunspot, are comprised of relatively cool coronal material (<1,000,000 K), hence explaining why they demonstrate such visibility in the AIA 171Å channel. Examination of time-lapse movies (Movie S1) reveals a multitude of wave fronts seen to propagate radially outwards from the sunspot, particularly along the relatively cool, elongated coronal fan structures. Fourier-filtered images (Figure 2 , Movie S2) reveal a wealth of oscillatory signatures covering a wide range of frequencies, with longer periodicities preferentially occurring at increasing distances from the sunspot umbra, and propagating with reduced phase speeds. Importantly, the waves appear to be continuous in time, suggesting that such oscillatory phenomena are driven from a regular, powerful and coherent source. Through center-of-gravity techniques the center of the sunspot (or umbral barycenter) is defined, as indicated by the white crosses in Figure  1 . A series of expanding annuli, centered on the umbral barycenter, are used to map the azimuthallyaveraged phase velocities as a function of period through the creation of time-distance diagrams ( Figure 2 ). Phase speeds are calculated from the gradients of the diagonal bands in the timedistance diagrams and found to span 92 km/s (60 s periodicity) through to 23 km/s (660 s periodicity), which are characteristic of coronal slow magneto-acoustic tube speeds 9-12 , c t . Due to the continuous nature of the propagating waves, Fourier methods are applied to the unfiltered data to create power maps allowing the signatures of the wave phenomena to be easily extracted as a function of period. Employing the same expanding annuli technique, the period-dependent power spectra are studied as a function of the radial distance from the umbral barycenter ( Figure  S1 ). A gradual change in the dominant period as a function of distance is found, with periodicities of approximately 3 minutes within the underlying sunspot umbra, increasing rapidly within the penumbral locations, and eventually plateauing at periodicities of approximately 13 minutes further along the coronal fan structures (Figure 2 ). This suggests that the waves detected within the immediate periphery of the underlying sunspot are the lower coronal counterpart of propagating compressive magneto-acoustic oscillations driven upwards by the underlying sunspot. Complementary 171Å data from the EUVI instrument onboard the leading Solar TErrestrial RElations Observatory 23 (STEREO-A) provides a side-on view of the coronal fan, allowing the spatial variation of the structure with atmospheric height to be measured directly (Figure 3 ). Magnetic field extrapolations 24 of vector magnetograms from SDO's Helioseismic and Magnetic Imager 25 (HMI) are also used to calculate magnetic field vectors over a wide range of atmospheric heights, allowing field inclination angles to be compared with direct STEREO-A imaging as a function of distance from the umbral barycenter (Figure 4) . We find that increasing the distance from the center of the sunspot results in more inclined magnetic fields. Importantly, this means that the measured phase speeds of the propagating waves will have been underestimated to a certain degree, particularly for locations close to the umbral barycenter where the magnetic field inclination is minimal. To compensate for this, we first use the velocity-period and period-distance relationships to convert the measured tube speeds into a function of distance from the center of the underlying sunspot (Figure  4) . Then, the inclination angles at this spatial position are used to calculate the true wave velocity irrespective of inclination-angle effects (Figure  4 ). Tube speeds of approximately 185 km/s are found towards the center of the umbra, decreasing radially within several Mm to values of approximately 25 km/s. Since the sound speed, c s , is dependent upon the local plasma temperature, we use the T e maps to derive the spatial distribution of the sound speed through the relation, 
The dashed white line overlays the coronal fan position as observed by STEREO-A 171Å images. (c) The inclination angles of the coronal fan measured from STEREO-A images (black line) alongside the extrapolated magnetic field inclination angles (blue line) corresponding to the dashed white line in (b). Both sets of inclination angles have been transposed into the viewing perspective of the SDO spacecraft by taking into account the location of SDO with respect to the normal to the solar surface. Error bars display the standard deviations associated with the azimuthal averaging of the inclination angles contained within each corresponding annuli. A considerable agreement between the measured and extrapolated field inclination angles demonstrates the accuracy of potential force---free magnetic extrapolations in this instance. The azimuthally---averaged plasma temperature (in MK) derived from DEM techniques is shown using a red

(d)) and the plasma densities (b). (b) The azimuthally---averaged electron densities, ne, displayed on a log---scale (units of cm ---3 ) using the same distance scale as (a), where the vertical dashed lines represent the umbral and penumbral boundaries established from photospheric SDO/HMI continuum images at approximately 3.8 Mm and 10.1 Mm, respectively, from the center of the sunspot umbra. Greyscale error shading highlights the goodness of fit that is defined by a least---squares optimization of the plasma emission measures using DEM approaches. (c) Co---spatial images providing a two---dimensional representation of the magnitude of the photospheric magnetic field strength (lower; displayed on a log---scale and saturated between 30 and 3000 G to aid clarity), the EUV AIA 171Å intensity (middle lower), the electron densities (middle upper; saturated between log(ne)=9.3 and log(ne)=9.6 to assist visualization) and the reconstructed magnitude of the coronal magnetic field strength (upper; displayed circularly symmetric on a log---scale and saturated between 0.3 and 30 G to aid clarity). White and black crosses indicate the position of the umbral barycenter, which are connected between atmospheric heights using a dashed white line.
active region. The large values found towards the sunspot core are consistent with previous coronal fast-mode wave observations related to magnetically confined structures 28 . The Alfvén speed depends on two key parameters: the magnitude of the magnetic field strength, |B|, and the local plasma density, ρ. We calculate 22 spatially-resolved plasma densities from the EM and T e maps, resulting in a range of densities on the order of (2.1-5.6)x10
-12 kg/m 3 . With the Alfvén speeds and local plasma densities known, we derive the magnitude of the azimuthally averaged magnetic field at each radial location through the relationship 27 , | | = * 0 where µ 0 is the magnetic permeability. The resulting values for |B| range from 32 ± 5 G at the center of the underlying sunspot, rapidly decreasing to 1 G over a lateral distance of approximately 7000 km ( Figure 5 ). Both our maximal and minimal values are consistent with previous, yet isolated and/or error-prone independent estimations of magnetically dominated coronal loops 4-7 and quiet Sun locations 29 . However, importantly, we show for the first time a novel way of harnessing the omnipresent nature of propagating slow-mode waves in the corona to moreaccurately constrain the magnetic field topology as a function of spatial location, with the potential to provide coronal B-field maps with cadences as high as 1 minute. This would provide more than an order-of-magnitude improvement in temporal resolution compared with deep exposures of coronal Stokes profiles 17 . A key science goal of the upcoming 4m Daniel K. Inouye Solar Telescope (DKIST) is to directly image the full coronal Stokes profiles using near-infrared spectral lines. The novel techniques presented here will therefore serve as an important long-term tool that can be used to compare directly with the DKIST observations following first light in 2019. Furthermore, since magnetic reconnection phenomena are often observed in the vicinity of active regions, a high-cadence approach to monitoring the spatial variations of the coronal magnetic field would be critical when attempting to understand the pre-cursor events leading to solar flares.
Supplementary Information: Data overview and requirements:
The current Letter employs a vast array of ground- and space-based observations, in addition to the application of modern magnetic field extrapolation algorithms, to detail the study of magnetic fields in the Sun's corona. However, it must be stressed that not all simultaneous and complementary datasets are required to fully exploit the techniques presented here. For example, Figure 1 displays cotemporaneous images from both ground-based optical instrumentation and space-borne EUV satellites in order to allow the reader to fully visualize the connectivity of the sunspot from the surface of the Sun (i.e., the photosphere) through to the outermost extremities of the tenuous corona. Thus, while the ground-based optical images help to represent the atmospheric structuring of the sunspot for contextual purposes, the techniques and results documented here originate solely from data obtained by user-friendly space-based facilities. Furthermore, in order to examine the inclination angles associated with the magnetic structures in the Sun's corona we employ both a non-linear force-free field extrapolation code 24 , in addition to utilizing simultaneous EUV image sequences obtained with the STEREO spacecraft. Both methods are documented to highlight the excellent agreement between modern magnetic field extrapolation codes and observations from stereographic imaging instruments. As a result, the techniques and results presented here only require a single complementary measurement (e.g., from an alternative viewing perspective such as the STEREO spacecraft or by employing widely available magnetic field extrapolation algorithms). We would therefore like to stress that the widespread use of complementary datasets throughout this Letter is solely to validate the techniques applied, and ultimately verify the results we present. Future applications of the processes documented here can be applied directly to continuous observations obtained by the Solar Dynamics Observatory 3S , in addition to either widespread magnetic field extrapolation codes or near-simultanteous imaging sequences acquired from an alternative viewing perspective (e.g., STEREO or the upcoming Solar Orbiter). Figure 3) . The STEREO-A instruments were positioned 0.062º below the SunEarth ecliptic 5S , and therefore present an ideal way of comparing well-aligned (in the N-S plane)
171Å images with those obtained from the geosynchronous orbit of SDO. During the observing sequence presented here, the EUVI instrument only obtained a single 171Å image at 16:14 UT with a two-pixel spatial resolution of 3.2 arcsec (2320 km). This image is prepared using the standard 'secchi_prep' SSWIDL routine, before being cropped to a 300 x 300 Mm 2 subfield surrounding active region NOAA 11366 for subsequent study. The ground-based observational data presented here was obtained during 16:10 -17:25 UT on 2011 December 10, with the Dunn Solar Telescope (DST) at Sacramento Peak, New Mexico. While the preparation of ground-based image sequences are described here, with the resulting snapshots used for contextual purposes in Figure 1 , it is the images and vector magnetograms from space-based observatories that form the main focus of the Letter. The Rapid Oscillations in the Solar Atmosphere 21 (ROSA) and Hydrogen-Alpha Rapid Dynamics camera 14 
2 ) comparable to the ROSA continuum image sequence. During the observations, high-order adaptive optics 1S are used to correct wavefront deformations in real-time with the images further improved through speckle reconstruction algorithms 2S . The resulting postreconstruction cadences for the continuum, Ca II K and Hα images are 2.11 s, 4.22 s and 1.78 s, respectively. Atmospheric seeing conditions remained excellent throughout the time series. However, to ensure accurate co-alignment between the bandpasses, broadband time series are Fourier co-registered and de-stretched using a 40x40 grid, equating to a 1.7 arcsec separation between spatial samples. Contextual HMI (6173Å) and AIA (4500Å) continuum images, acquired at 16:10 UT, are obtained for the purposes of co-aligning the SDO data with images of the lower solar atmosphere. Using the AIA continuum context image to define absolute solar co-ordinates, the HMI and ground-based observations are subjected to cross-correlation techniques to provide sub-pixel co-alignment accuracy between the imaging sequences. To do this, the plate scales of both HMI and ground-based observations are first degraded to match that of the AIA continuum image (note that subsequent data analysis is performed on full-resolution (i.e., non-degraded) image sequences). Next, squared mean absolute deviations are calculated between the datasets, with the HMI and ground-based images subsequently shifted to best align with the AIA reference image. Uncertainties are estimated as less than one tenth of a pixel of the coarsest resolution instrument (i.e., 0.06 arcsec or 43.5 km based on the spatial sampling of AIA).
Computing the T e and EM maps:
Differential emission measure (DEM) techniques 22 are employed in such a way to ensure accurate co-alignment between different AIA wavelength images, thus providing reliable and accurate T e and EM mapping capabilities. Measurements of the altitude of the EUV-absorbing chromospheres are computed to ensure pointing offsets between the EUV bandpasses are minimal (errors on the order of one tenth of an AIA pixel, or 45 km). In addition, each EM and T e map is self-calibrated through the use of empirically corrected instrumental response functions of the AIA imagers, thus providing accurate measurements of the optically thin solar corona. Since the sunspot and surrounding active region remained inactive (i.e., no large scale eruptive phenomena detected) during the 75 minute observing sequence, only single point DEM methods are required (i.e., no double fitting of non-isothermal plasma). The resulting output maps are complemented by estimates of the temperature width, in addition to the goodness of fit that is defined by a leastsquares optimization, providing error estimates for the derived temperatures and emission measures 22 . Furthermore, due to the continuous presence of the coronal fan and loop structures in the 75-minute duration of the dataset, it is beneficial to temporally average the AIA image sequences prior to implementing the DEM algorithms in order to improve the resulting signal-tonoise. Thus the time-averaged T e and EM maps provide a more general overview, devoid of smallscale and/or rapidly moving/evolving transients, and thus best represent the basal characteristics of the sunspot, including its immediate vicinity.
Fourier regeneration of time series:
To verify the presence of wave phenomena in the AIA 171Å field-of-view, we employ a Fourierbased filtering algorithm 16 to isolate and re-generate new time series which had been decomposed into frequency bins, each separated by 30 s, and corresponding to periodicities of 1-11 minutes. This allows propagating periodic phenomena to be more easily identified and quantified since it removes the superposition of numerous frequencies and phase speeds within localised regions. Each Fourier filter bin is peaked at 60, 90, 120, …, 660 s, and incorporates a Gaussian-profiled window spanning a half-width half-maximum of ±15 s. The Fourier filtering algorithm acts only as a frequency filter and does not make any assumptions regarding the spatial scales associated with a particular frequency, and as a result performs no filtering on the spatial wavenumber (i.e., k).
Defining the umbral barycenter:
The location of the center of the sunspot is found using a 'center-of-gravity' technique. All of the contextual SDO/HMI continuum images (100 in total) are time-averaged to produce an intensity map devoid of small-scale and short-lived features. Next, the umbral perimeter is defined as the boundary where pixel intensities decreased below 45% of the median granulation intensity. Features brighter than this are discarded, producing an accurately defined outline of the sunspot umbra, containing approximately 250 pixels and encompassing an area of 3.3x10 7 km 2 . From this point, the umbral center-of-gravity, or intensity 'barycenter', is established, which forms the central co-ordinates of the expanding annuli used in subsequent analysis. In order to validate the accuracy of calculating the umbral barycenter from SDO/HMI continuum images, we also compute the center of the sunspot using the higher spatial resolution 4170Å continuum observations obtained by ROSA. As with the SDO/HMI observations, all consecutive 4170Å continuum images (2130 in total) are time-averaged to produce an intensity map devoid of small-scale and short-lived features that are particularly apparent in high-resolution datasets (e.g., umbral dots, magnetic bright points, and to a certain extent, granulation). The umbral perimeter is then defined as the boundary where pixel intensities decreased below 45% of the median granulation intensity, producing an accurately contoured umbral perimeter containing approximately 15,000 pixels (nearly two orders-of-magnitude more than the simultaneous SDO/HMI images). Applying the center-of-gravity technique once again defined the umbral barycenter, which was found to lie within the same resolution element as the co-ordinates calculated directly from SDO/HMI continuum images. Thus, the umbral barycenter derived from SDO/HMI images can be considered accurate, especially since cotemporaneous SDO/AIA and STEREO image sequences, to which the umbral barycenter will be used in conjunction with, have more coarse spatial resolution than SDO/HMI. Creating the expanding-annuli series: Previously 16 , an expanding series of circular annuli were employed to measure the azimuthallyaveraged radial variations of running penumbral wave phenomena in the solar chromosphere as a function of distance from the umbral barycenter. This was deemed suitable in the lower solar atmosphere where the underlying sunspot displayed symmetric structuring in most radial directions. In order to make the techniques documented here as widely applicable as possible, we also implement an expanding series of circular annuli to analyze the prominent propagating wave phenomena detected in SDO/AIA image sequences. Examination of the T e , EM and AIA 171Å intensity maps clearly reveals that the coronal plasma in the immediate viscinity of the sunspot is relatively cool, with basal temperatures on the order of 600,000 - 1,200,000 K (Figure  1 ). Due to these temperatures being optimally placed within the response curve of the 171Å channel 4S , and coupled with its optically thin characteristics, high signal-to-noise values, and due to the resulting images residing within the lower, cooler corona, the 171Å bandpass was deemed ideal for subsequent study. We therefore utilize a series of expanding annuli to more readily measure coronal variations as a function of radial distance from the umbral barycenter. Each annulus is 2 pixels wide (870 km), with subsequent annuli spaced further away by 1 pixel from the preceding measurement location. Some overlap between adjacent annuli is chosen to provide continuous radial coverage of the measured parameters, while still maintaining high pixel numbers to improve statistics. A sample annulus, which is 20 AIA pixels (9 Mm) from the umbral barycenter, is displayed in Figure  2 . For completeness, it must be reiterated that the 171Å channel was selected for the present study due to its response function spanning all derived temperatures within the sunspot locality and its immediate periphery (see, e.g., Figure  1) . However, it must be noted that not all coronal fans and loops display similarly distributed temperatures, with some displaying cooler, hotter or both temperatures within the sunspot vicinity. As it is imperative to promote high signal-to-noise values when extracting (often faint) wave signals, future users of these techniques must identify which AIA channels best sample the thermal properties of the loop/fan system under investigation. The associated sound speeds will be pre-determined by the best fitting isothermal approximation (see Computing the T e and EM maps above), thus in order to ensure that the most reliable comparison is made to the local sound speed, the measured wave tube speeds must be extracted from data obtained by an AIA channel that closely matches the local coronal temperature. With typical AIA response functions spanning 0.4 - 7.0 MK 4S , including those that can be sub-divided yet further into multiple temperature peaks 6S , almost all perceivable solar active regions and loop configurations can be investigated using the techniques presented in this Letter when accompanied by an AIA imaging channel that best represents the local coronal temperature profile.
Measuring the tube speeds from time-distance diagrams:
To quantify the propagating phase speed characteristics visible within the Fourier-filtered time series, time-distance analysis is employed with the starting point positioned at the center of the underlying sunspot (white cross in Figure 2 ). The expanding series of annuli (see Creating the expanding-annuli series above) are used to isolate intensities as a function of time and distance from the umbral barycenter. The intensities falling within a single annulus are azimuthally averaged to generate a time-distance diagram that only depends on the radial distance from the center of the sunspot and the time when the measurement is acquired, hence creating a time-distance diagram similar to that displayed in Figure 2 . A sample annulus is displayed as a solid red line surrounding the sunspot depicted in Figure 2 . The propagating oscillatory signatures, visible as recurring white and black diagonal bands, importantly show that the waves appear to be continuous in time, suggesting that such oscillatory phenomena are driven from a regular, powerful and coherent source. Furthermore, the gradient of the diagonal bands provides an indication of the tube speed, c t , normal to the observer's line-of-sight. These are measured by first fitting a Gaussian profile across the widths of the diagonal bands 7S , before fitting a line-of-best-fit to the resulting Gaussian peaks and minimizing the sum of the squares of the residuals (i.e., least squares fitting). The errors associated with these measurements are larger at very low and very high periods as a result of short propagation distances and reduced signals, respectively, found in the immediate vicinity of the sunspot. Nevertheless, a clear trend is displayed in Figure  2 , with tube speeds of approximately 92.3 km/s found for 60 s periodicities, decreasing to 23.2 km/s for 660 s periodicities. 
Interpreting the waves:
Figures 2 and S1 reveal how dominant periodicities of approximately 3 minutes are found within the sunspot umbra, increasing rapidly within the penumbral locations, eventually plateauing at periodicities equal to approximately 13 minutes further along the coronal fan structures. Running penumbral waves 8S,9S (typically referred to as RPWs) are often most visible in the solar chromosphere as wave fronts propagating outwards from dark sunspot umbrae along the rapidly inclining magnetic fields associated with penumbral and near-sunspot locations. These compressive magneto-acoustic waves are also found to be continuously generated throughout the lifetime of a sunspot, with the chromospheric frequencies and phase speeds largest (>10 mHz or <100 s) at the inner penumbral boundary, decreasing to their lowest values (<1 mHz or >1000 s) towards the outer penumbral edge 16 ,10S,11S . Additionally, evidence 16,12S is documented that such compressive magneto-acoustic oscillations can propagate to distances far exceeding 15 arcsec (10 Mm) from the outer edge of the sunspot boundary, suggesting the wave properties have significantly strong signals at radial distances well-beyond the confines of the visible sunspot. Thus, a combination of the measured velocity-period and period-distance dependencies, the azimuthally coherent nature of the propagating wave trains, the locations in which the waves are detectable, the sub-sonic phase speeds and the magnetically-confined wave characteristics seem to suggest that we are observing the lower coronal counterpart of propagating compressive magneto-acoustic oscillations driven upwards by the underlying sunspot. This also substantiates the theory that significantly extended propagating wave trains in coronal fans and plumes are simply the observational signatures of large-amplitude umbral oscillations guided upwards along inclined magnetic field lines [8] [9] [10] [11] [12] [13] .
Converting velocity-period to velocity-distance:
Calculating the gradients present in the Fourier-filtered time-distance diagrams allows the phase speeds to be calculated as a function of oscillatory period (i.e., the velocity-period relationship;; middle panel of Figure  2 ). We find phase speeds that span 92 km/s (60 s periodicity) through to 23 km/s (660 s periodicity), which are characteristic of coronal slow magneto-acoustic tube speeds 9-12 , c t . Then, employing Fourier analysis on the unfiltered AIA 171Å image sequence allows power maps to be generated over a wide range of periodicities (60-660 s). Following the normalisation of each power spectra by the average power contained within the entire period-specific field-of-view, the dominant periodicity is then defined as the periodicity which has the most relative azimuthallyaveraged power within each circular annulus. As found for dedicated chromospheric wave phenomena 16 , the 171Å coronal dataset is also found to display a gradual change in the dominant period as a function of distance from the umbral barycenter (i.e., the period-distance relationship;; Figures 2 and S1). We find periodicities of approximately 3 minutes within the underlying sunspot umbra, increasing rapidly within the sunspot penumbra, and eventually plateauing at periodicities of approximately 13 minutes further along the coronal fan structures. Since the dominant periodicity is simply a selection of which period displays the highest power signal in a given annulus, the error associated with this period is related directly to the Fourier frequency resolution. The AIA instrument, with an imaging cadence of 12 s, provides excellent high-frequency resolution, as indicated by the error bars in the lower panel of Figure  2 . To convert the measured velocity-period agreement into a velocity-distance relationship we utilise the period-distance trend to relate a particular oscillation period to a specific distance from the underlying sunspot umbra, thus creating a direct relationship between the measured wave velocities and the distance from the umbral barycenter (i.e., the velocity-distance relationship). These tube speeds, as a function of distance from the umbral barycenter, are displayed in the lower panel of Figure 4 following the inclination-angle compensation (see below).
Compensating for inclination-angle effects in the c t measurements:
Magnetic field extrapolations are useful to estimate the magnetic topology of the solar atmosphere at locations away from the photosphere. The non-linear force-free field extrapolation code 24 has proved to be accurate and reliable 16 within the magnetic field configuration of active region NOAA 11366. We employ the same annulus-based analysis on the extrapolated magnetic field vectors parallel (B x , B y ) and normal (B z ) to the solar surface to build up an azimuthally averaged distribution of the inclination angles as a function of both the distance from the umbral barycenter and the atmospheric height (upper panel of Figure  4 ). It is clear that increasing distance from the center of the sunspot results in more inclined (with respect to the normal to the solar surface) magnetic fields. While the magnetic field vectors parallel and normal to the solar surface can be estimated for coronal heights based upon the field extrapolations, they unfortunately do not provide critical information related to the orientation of the magnetic fields with respect to the observer's line-of-sight. To address this issue, we inversely process 13S,14S the extrapolated and disambiguated magnetic field vectors to obtain the line-of-sight, east-west and north-south components of the magnetic field with respect to the geosynchronous line-of-sight of the SDO spacecraft. The resulting inclination angles means that the measured tube speeds of the propagating waves will have been underestimated to a certain degree, particularly for locations close to the umbral barycenter where the magnetic field inclination is minimal. To compensate for this, we are able to utilize the azimuthally averaged magnetic field inclination angles produced by the field extrapolation code, once they have been processed back into the reference frame of the geosynchronous SDO spacecraft. However, in order to verify that this approach is indeed highly accurate and reliable, we also take advantage of the side-on viewpoint of the STEREO-A observations to build up a picture of how the coronal fan height varies as a function of distance from the underlying sunspot. A number of coronal loop structures are also outlined for contextual purposes (green lines in the lower-right panel of Figure 3 ). While the observations may have much coarser resolution when compared to the AIA onboard SDO, a progressive inclination of the coronal fan is clear with increasing distance from the sunspot (red line in the lower-right panel of Figure  3 ). With the relative positioning of the instruments known, the inclination angles are transformed into the true reference frame of the SDO spacecraft (black line in the middle panel of Figure 4 ). To compare directly with the magnetic field extrapolations, the measured height of the coronal fan from STEREO-A observations is overplotted on the extrapolated and azimuthally averaged angle distribution (dashed white line in the upper panel of Figure  4 ). It is clear that the observed coronal fan positioning closely follows the extrapolated field lines, hence highlighting the validity of using either magnetic field extrapolations or nearsimultaneous observations from an alternative vantage point to quantify the inclination angles of the coronal magnetic fields. Then, the inclination angles corresponding to the dashed white line are extracted from the distribution, transformed into the reference frame of the SDO spacecraft, and compared with those directly measured from the STEREO-A observations (blue line in the middle panel of Figure 4 ). The close agreement between the numerically extrapolated and observationally measured field lines reiterates the accuracy and reliability of the non-linear forcefree field extrapolation code within the magnetic field configuration of active region NOAA 11366. It must be noted that two independent methods are applied here to quantify the coronal magnetic field inclination angles. However, future applications of this technique need only to employ a single approach, thus simplifying the process further. The specific inclination angles of the magnetic fields with respect to SDO's line-of-sight are approximately 30º near the center of the umbra, decreasing to approximately 90º at the outer periphery of the active region. Due to the smooth variation of the measured inclination angles with distance from the sunspot, they are interpolated from the STEREO-A spatial sampling (1.6 arcsec per pixel) onto an AIA grid (0.6 arcsec per pixel) in order to allow direct comparisons between the imaging data. With the measured tube speeds now available as a function of distance from the umbral barycenter (see the above Converting velocity-period to velocity-distance section), each measured phase velocity is divided by the co-spatial cos(θ) term (where θ is the inclination angle with respect to SDO's line-of-sight) to convert each value into the true tube speed irrespective of inclination-angle effects. Figure 4 displays the true wave speeds as a function of distance from the umbral barycenter, with velocities now approaching 185 km/s towards the center of the umbra, and decreasing radially within several Mm to values of approximately 25 km/s.
Calculating the local plasma densities:
The Alfvén speed depends on two key parameters: the magnitude of the magnetic field strength, |B|, and the local plasma density, ρ. We are able to calculate spatially-resolved coronal electron densities, n e , from a combination of the EM and T e maps previously derived through DEM techniques 22 . To do this it is necessary to estimate the depth of the coronal fan structure. Previous two-and three-dimensional coronal reconstructions 15S,16S have demonstrated how the depth of coronal fan structures are approximately 1300 km (or 3 AIA pixels), with minimal scatter. However, since we have simultaneous STEREO-A imaging we are able to measure the thickness of the fan structures directly. Here, our measurements also corroborate recent statistical findings 15S,16S , with a thickness on the order of 1-2 pixels (1160-2320 km;; Figure 3) . As a result, we adopt the statistically significant depth of 1300 km, which is also consistent with our direct STEREO-A observations. Employing the EM and T e maps alongside the 1300 km coronal fan depth, we are able to calculate 22 the spatially resolved n e distribution ( Figure  5 ). The range of electron densities, on the order of Log(n e ) = 9.2 - 9.6 (1.7x10 9 - 3.9x10 9 cm -3 ), is consistent with a wide variety of previous coronal density-sensitive line intensity ratios measured using high-resolution spectroscopic instrumentation 17S,18S . Then, employing the expanding-annulus method on the derived n e map allows changes in the azimuthally averaged electron densities to be established as a function of distance from the umbral barycenter, with the resulting values plotted in Figure 5 . Associated errors in the electron densities are computed from the goodness of fit of the individual DEMs, each of which is defined by a least-squares optimization 22 . As a result of averaging over extended annuli at larger radial distances from the umbral barycenter, the associated electron density uncertainties are observed to increase in magnitude (Figure  5b ). Since the 171Å channel is dominated by Fe IX emission at temperatures slightly below 1,000,000 K, it is most likely fully ionised plasma with a ratio of hydrogen mass density to electron density (i.e., n H /n e ) equal to 0.83 19S . Thus, the radial variation of ρ can then be directly inferred from the n e values, providing mass densities on the order of (2.1 -5.6) x 10 -12 kg/m 3 , which are, again, consistent with previous spectroscopicallyderived measurements 20S . Focusing the analyses using a-priori knowledge: Throughout the main analyses documented in this Letter, an expanding series of circular annuli are employed to measure the azimuthally averaged radial variations of propagating magnetoacoustic wave phenomena as a function of distance from the umbral barycenter. This is implemented to ensure that the described techniques are readily applicable to the vast majority of solar active regions, irrespective of the shape of the underlying sunspot. However, this naturally begs the question of whether previous knowledge on coronal wave phenomena can help an astute researcher better constrain the errors associated with the derived magnetic fields, or whether apriori knowledge is not required to derive accurate coronal field strengths. From examination of the T e , EM and AIA 171Å intensity maps, it is clear that while the underlying sunspot may appear circularly symmetric, there are well-defined coronal structures manifesting as elongated fans in the north, west and south quadrants, with relatively cool characteristic temperatures (<1,000,000 K;; Figure S2 (c)). Furthermore, from examination of Movies S1 & S2 it becomes apparent that the most prevalent propagating wave phenomena occur along these well-defined coronal structures. Thus, a more focussed study would be to isolate those coronal features demonstrating the most pronounced compressive wave activity, and perform tailored analyses on these selected regions to characterize what, if any, improvements in the quantification of the coronal magnetic fields can be achieved. Thus, to ensure that excessive noise is not incorporated into the analysis, it is desirable to isolate the coronal fan structures from background features. We therefore utilise a series of expanding arcs to more accurately confine plasma brightly emitting in the 171Å channel and to measure coronal variations more readily as a function of radial distance from the umbral barycenter. Similar to the expanding-annuli method used in the main text, each arc is 2 pixels wide (870 km), with subsequent arcs spaced further away by 1 pixel from the preceding measurement location. Some overlap between adjacent arcs is again chosen to provide continuous radial coverage of the measured parameters, while still maintaining high pixel numbers to improve statistics. A series of sample arcs are displayed in Figure S1 (c), where it is clear that the prominent coronal fans are accurately encompassed by the series of expanding arcs. The time-distance diagrams produced through either full annuli averaging or arc-based averaging are dominated by the propagating magneto-acoustic disturbances manifesting in the coronal fan structures. This is a direct consequence of the south-easterly sunspot quadrant displaying no
